We settle a coordinate-free geometrical framework for MD Gravity, based on fibration and general Bundles instead of Principal. We prove constructively a global generalization of Campbell-Magaard Theorem, removing the assumption of locality: any Pseudo-Riemannian analytic n-manifold can be embedded (the whole structure) naturally and isometrically into an (n+1)-bulk with arbitrarily prefixed topological structure, fibred over the given, with vanishing Ricci Curvature and Torsion of some connection locally compatible with a global metric on the bulk.
Introduction
There has been a considerably extensive research in recent years in Gravitational theories that acquire more than the usual three spatial dimensions of General Relativity (G.T.R.) and in the mathematical formalism that such theories are based on. The subject of the present paper stands within this field. * Tel-Fax: +302104820776 † e-mail: nkatzourakis@yahoo.gr analytic n-manifold can be locally and isometrically embedded into some other of n+1 dimensions which is Ricci-flat (R AB = 0). In some sense, this is equivalent to the local embedding of Einstein 4D Relativity, into some 5D Relativity in the vacuum where there no matter exists, but only geometrical properties.
No matter how important this local result may be and although some attempts of generalization have been presented in recent years ( [39] , [40] , [27] , [38] ), it still admits very restrictive assumptions. We can only embed a local only coordinated domain of an analytic manifold (and not the whole spacetime) into some other and there is no information for the global topology and differential-geometrical structure of the embedding space.
The purpose of this paper is to set a geometrical framework from a global point of view for MD-theories of Gravity and to examine the possible generalizations of the local result of Campbell and Magaard in the new context. Since Riemannian Geometry, that constitutes the established geometrical framework of Gravity, is based almost internally on the locality of the coordinates, it is obvious that we need some different geometrical ideas, but mainly, we need a different formulation of Gravity, with the less possible dependence on local coordinates.
In our approach we introduce a quite complicated geometrical model to describe the (classical) Universe, that arises by the pairing of two different structures: the Fibre Bundles and the Submanifolds. This concept combines in a natural manner the embedding of submanifolds and the local structure of Cartesian product of the bundles (expressed in local coordinates). Some different pre-geometrical axiomatic approach to the Minkowskian Spacetime of Special Relativity (S.T.R.) may be found in [30] , based on set-theoretical and topological axioms.
In Section 1 we illustrate that the suitable model to describe the spacetimes of S.T.M., K.-K. and the MD theories based on embeddings, is an arbitrary bundle structure, ignoring the transformation group ( [17] ) encountered in the theory ( [11] , [19] , [2] ) with the additional assumption that the base manifold (identified as the Universe of our perspective) is embedded into the total space (identified as the multi-dimensional bulk). This turns to be the most general model applicable in both compactified and not theories. We can not for example adopt the Principal Fibre Bundle structure as a model, provided that it acquires a transformation Lie group that is the typical fibre, and in K.-K. this is the compact S 1 .
It will be proved in the sequel that the proposed gravitational model, although orig-inally seems arbitrary, in fact it is over too generic, as well as natural. Mathematically, given any manifold, we can always introduce via fibering this Universal Spacetime structure that combines two different properties. In other words, we first introduce ad hoc a model based on arguments, and latter we prove that this structure is not restrictive in nature and can always be obtained constructively without any loss of generality.
The next step is to settle the geometrical framework that follows naturally this specific Universal Spacetime we adopt to describe (when possible) MD Gravity globally and operationally. We introduce some fundamental notions of Differential Geometry that constitute the minimum requirements, in order to describe the basic geometrical aspects of Gravity in this context. This is the scope of Section 2.
The basic result of our Bundle-Theoretical approach to Gravity is the globalization of the local Campbell-Magaard embedding theorem, in the framework determined by our model of Universal Spacetime. We state now the result that, its proof, will be the main subject of Section 3:
Every pseudo-Riemannian analytic smooth n-manifold can be embedded canonically and isometrically (the whole structure) into some other pseudo-Riemannian (n+1)-manifold with prefixed topological structure and vanishing Ricci Curvature and Torsion of some specific connection, where the compatibility of the connection with the metric is locally preserved.
The only local restriction concerning the compatibility of the metric with the connection on the bulk, as we shall show, cannot be overskipped in the global BundleTheoretical framework we expound, and this is a consequence of the assumption that analytic only manifolds are employed (and not just smooth) in the special version of the Campbell-Magaard theorem.
It will be proved in section 3 that even though the connection is not the Levi-Civita with respect to the metric and the Leibniz rule does not hold true globally on the bulk, in fact we are in position to know the exact rules in these cases. Notwithstanding, there exist some special directions over the bulk and submanifolds on the bulk, where transitional effects of such kind disappear, when changing coordinated domains.
The subject of the last Section 4 is an attempt to expound our geometrical results physically, applied specifically on the S.T.M. 5D gravity. The new situation is now much more generic than we knew: the whole given 4 
-manifold of G.T.R. can be embedded naturally and isometrically into an (n+1)-manifold with vanishing Ricci
Curvature and Torsion, and with the additional property the fibres of the bundle to have pre-fixed (by us) topological and differential structures (that correspond to our needs for physical interpretation) and this choice is completely independent of the Ricci-flat free of Torsion geometry of the bulk.
Notations: In the sequel, by the term Spacetime we shall mean a paracompact, Hausdorff, connected smooth manifold of finite dimensions, equipped with a pseudoRiemannian metric structure and the corresponding Levi-Civita linear connection. If there is no reference to the geometrical objects that the manifold is endowed, we simply ignore the (existing due the paracompactness) aforementioned properties and, in that case, the term will be used alternatively to the term smooth manifold.
Spacetimes, Bundle Structures and Submanifolds
The purpose of this preliminary section is to introduce the appropriate definition of the Universal spacetime of n+k dimensions over a given one of n dimensions. In our approach we wish to include non-compactified theories, consequently we may not any more consider the Universe as a principal fibre bundle with fibres the transformation groups, as for example in many Kaluza-Klein versions of 5-dimensional gravity with fibre the U (1) ∼ = S 1 (a general review is presented in [6] ).
As we have already mentioned, we wish to settle an axiomatic framework for MD Gravity aiming specifically to the S.T.M. 5-dimensional Gravitational theory ; axiomatic, in the sense that, we wish to use the "weakest" possible mathematical model with the less assumptions, that however are sufficient for our purposes. This approach, except for its intrinsic generality (traditionally pursued in Mathematics), implies a raising simplicity for the employed geometrical conceptions.
Let us attempt to define this physical notion through the geometrical notion of fibred manifolds, as it is expounded in [17] . The fibred manifold is a triplet (E, π, M ), where
is a smooth surjective map between manifolds, and a submersion (dim(E) ≥ dim(M )).
This structure has the property that, for every point of the total space E, there exists a domain W of it, diffeomorphic to a cartesian product of the projected domain π(W ) in the base space and some other smooth manifold F, the fibre:
This structure, although very generic, has the disadvantage to be physically unrealistic: different fibres may carry different topological structures. For example, deleting a single point from an 1-dimensional actual fibre, its connectivity disappears, since it is locally homeomorphic to the real line R.
Besides, if this high-dimensional physical model of the Universe holds true, we can only perceive the base manifold (into which we are supposed to live in) and not the total space, that (in principle) possesses additional (non-visible) space dimensions, highly curved or close-to-flat, compactified or not. Consequently, we should be interested for the inversed image of some domain considered in the base manifold, instead of the consideration of a domain on the total space and afterwards its projection (and the geometrical consequences) on the base.
These notes indicate that the suitable geometrical conception is that of the bundle, in the perspective adopted by the same author (see [17] ). As a matter of fact, we shall ignore the transformation Lie group encountered in the theory of fibre bundles (classical references are [11] , [2] , [19] ). This is totally compatible with the initial ansatz of the 5D variable Gravity, a modern version of K.-K. theory recently developed (see [21] for a general introduction). Definition 1.2. The (n+k)-Universal Spacetime structure over an n-Spacetime manifold M, is the Bundle (X, π, M ), where:
F is the typical fibre of k dimensions in general. The differential structures (considered as pre-fixed) on X and M are determined by A X , A M respectively and the induced topologies T X , T M .
Adopted coordinate systems, that is, local coordinates constructed with respect to the local product structure, are introduced as follows:
If x : U → R n and χ : V → R k are local coordinates at M and F respectively, then π −1 (U ) is a domain in the total space X. If
is the local trivialization map of the bundle, we restrict π −1 (U ) on the coordinated
On the above, the left " ∼ =" is considered as diffeomorphism and the right " ∼ =" as topological homeomorphism provided by the coordinate functions between the manifolds and the Euclidean spaces. where the fifth dimension is not in general compact.
The above remark indicates that we need some additional assumption for the base manifold in the definion of the Universal spacetime. This is the embedding of M into X, that is the base manifold is contained into X and simultaneously constitutes a bundle over X (of k-dimensional fibres, k=m-n). This may be expressed as
where the inclosure map is an embedding:
Consequently,we reach to the following: Definition 1.4. We shall call Universal (n+k)-dimensional spacetime structure over a given manifold of n-dimensions the bundle:
with property the base space to be an embedded submanifold of the total space:
M ֒→ X Remark 1.5. It will be proved in Section 3 that, considering the base space embedded (as a submanifold) in the total space, generality is not in any sense lost. Even if we are only given a spacetime manifold M, a Universal spacetime structure can always be constructed appending k-dimensional diffeomorphic manifolds (actual fibres) at each point of M, so that the bulk is equipped with a smooth manifold structure (see the proposition inside the proof of the basic theorem).
Remark 1.6. It is worth noticing that although locally every inversed image of M is diffeomorphic to the Cartesian product of the projected domain on M and some other manifold F, globally this does not hold true:
that is, the subspace that forms the complement of M is not diffeomorphic to the union of all the (actual) fibres.
The situation described in the definition is locally equivalent to the attachment of k more dimensions in a sufficiently small coordinated domain, in the sense it is usually claimed in S.T.M.. The signature of (the assumed pseudo-Riemannian metric structure of) the fibres will in general be considered arbitrary (attachment of spacelike or timelike dimensions), with respect to the analogous pseudo-Euclidean structure that the model vector space of the fibre is equipped:
Adopted local coordinates on the tangent bundles TX,TM are introduced as follows:
If N is a manifold, then adopted coordinates in (T N, τ N , N ) are:
we have
and if G is some coordinated domain on the fibre, we have
Fundamental Geometrical Notions of High-Dimensional Gravitation
The scope of this introductory section is to collect the basic notions that are sufficient to form the geometrical-physical framework that follows naturally the (previously defined) notion of Universal spacetime structure we adopt. We wish to settle a modern geometrical formulation for MD and (specifically) 5D Gravity with those (and only those) geometrical concepts that notwithstanding are sufficient to produce a theoretical global approach.
Therefore, this approach is intended to require the minimum possible (mathematical) background in order to be accessible in a broader field of researchers. Some additional knowledge of Relativity is superficially mentioned for complementary reasons. Most of our notions are (long ago) fundamental in pure Differential Geometry ( [11] , [19] , [10] ) but never considered systematically in a classical theory of space-time to obtain global results ( [16] , [13] , [12] , [9] ).
In fact, this preliminary introduction of the basic concepts can be overskipped without any significant loss of connectivity for our analysis. Nevertheless, we consider that we should do expound these fundamental notions applied in our specific bundle-theoretical perspective of MD Gravity.
We shall first introduce the notion of Linear Connection on an E-vector bundle, over a given manifold X. This must be considered as the natural generalization of covariant differentiation of a smooth tensor field of a manifold, in the direction of a tangent vector (field).
Let (E,ρ,X) be a vector bundle over some manifold X:
where, by definition, for every p ∈ X, there exists a domain U ⊆ X of p, so that
The following notion of linear connection in an E-vector bundle is the obvious generalization of the linear connection in the (p,q)-tensor bundle over a manifold
h and the covariant differentiation that produces (with respect to a metric tensor (field), in the case that X is assumed to be Riemannian manifold).
with properties
for every real valued smooth function f.
The dot denotes the operation of scalar multiplication on the linear fibres isomorphic to R k . These properties imply that the operator ∇ may be equivalently considered as a map
and we have introduced the symbol ∇ ξ (s) instead of ∇(ξ, s).
The following result illustrates that the sections of the tensor product of two vector bundles over the same manifold is equal to the tensor product of the sections, up to a module isomorphism. This implies that the connection is in fact a map:
and under the properties (i), (ii) of the definition, it is additive in both variables and maps a vector field ξ ∈ Γ(T X) and a section s ∈ Γ(E) of the vector bundle, to some other section ∇ ξ (s) ∈ Γ(E).
Lemma 2.2. If (E,σ,X),(H,ρ,X) are vector bundles, then the following module isomorphism holds true:
Proof. See [17] , p.46.
Remark 2.3. Introducing a local representation of the aforementioned sections, the conclusion is (locally) quite evident. Notwithstanding this, in order to obtain this global tensorial property of vector bundles, it is necessary to introduce partitions of unity throughout the proof, in order to prove the surjectivity of the isomorphism ( [14] , [2] , [11] ).
Let E be a vector bundle over X and consider adopted local coordinates on a domain of E, that are linear on the fibres of E, constructed with respect to the linear local trivializations of the bundle (for a detailed analysis, see [17] , p.30):
Consider now on this domain the local basic vector fields {∂ a , a = 1, ..., n} and a basis of R k . Using the aforementioned local isomorphism, we obtain a basis of local sections
.., k} of this vector bundle. This note implies that for a linear connection on a vector bundle we may define:
The smooth functions Γ For more details see [8] , [10] .
Remark 2.4. The components of the connection are not the Cristoffel symbols of the connection, not only because this vector bundle E is not the tangent bundle of X, but mainly because there is no Riemannian metric structure assumed for the manifold X.
The next result illustrates the effects on the base manifold of the Universal spacetime structure the consideration of some other bundle over the bulk X.
We recall that X is fbred over M and the total space contains the base space as an embedded submanifold (see section 1).
Proposition 2.5. (i)The restriction of every bundle (E,ρ,X) over the bulk X of the
and if E is a vector bundle, we obtain a vector subbundle structure. [17] , p.32 and following.
(ii)Every bundle over X induces a (uniquely defined) bundle over M, with the same total space
(ii)It is clear that the composition of smooth and "onto" maps preserves the same properties. For the local trivializations of the bundle (E,π • ρ,M), we have that, if W ⊆ X,U ⊆ M , then for every a ∈ X, there exists a local trivialization
, and
Consequently, for every point on M, there exists a local trivialization
and the typical fibre over the n-spacetime M is the (n+k)-manifold F × V . This completes the proof of the proposition.
Remark 2.6. The previous result (ii) can not be generalized in the case of vector bundles, since, as it was prescribed throughout the proof, even if the fibre V is some R k ,
there is no such property for the F (n) of the Universal spacetime. In many K.-K. versions the fibre is usually considered topologically compact (see [35] for a mathematical interpretation of The K.-K. compactification mechanism).
It shall be useful to introduce the notion of the space of linear connections of a vector bundle, over a given manifold:
Definition 2.7. The space of Linear Connections in a vector bundle (E,ρ,X) is the set:
where all the elements ∇ X of A(E) satisfy the properties of definition 2.1.
Proposition 2.8. The space of global linear connections A(E) of the vector bundle (E,ρ,X) is a C ∞ (X)-module over the ring of smooth real functions of X.
Proof. The proof is a simple verification of the properties of the definition of modules, if we introduce the following definition for the operation of addition and scalar multiplication on A(E), using the corresponding properties provided form the linear structure on the fibres of Γ(E).
If ∇ and∇ are two elements of A(E) and f,g ∈ C ∞ (X), we define:
The operations:
and
are obviously well defined. This completes the proof in an evident mode.
The most important application of the linear connection in a vector bundle is the Curvature of the connection. Let
be the bundle of p-differential forms over the bulk X. The symbol
denotes the sections of this vector bundle.
Definition 2.9. The Curvature F of the connection ∇ X ∈ A(E) is the operator:
where
If we consider the curvature F as a map:
then we have the following result:
Proposition 2.10.
Proof. The proof is a simple calculation. We only note that a connection is given by
where d is the exterior derivative operator and A is an (n × n)-dimensional matrix constituted of n 2 elements that are sections of the cotangent bundle T*X. The curvature is then given by
and we use the second Bianchi differential Identities
for more details, see [11] and [8] .
Let now E=TX be the tangent bundle of X. We shall introduce some other Curvature operator of an element of A(T X) and the fundamental notion of the Torsion of a linear connection:
Definition 2.11. The Ricci Curvature Operator of a connection is the map:
such that, applied on any vector fields ξ, η, θ ∈ Γ(T X) to obtain
and the Torsion of an element of A(T X) is the map:
We recall some basics of Riemannian Geometry stated without local coordinates (see also the corresponding chapter in [5] ). The global study of gravity and its geometrical aspects (of the model we introduce) is the proper context, compatible with applications on Quantum Gravity, D-Branes and elementary particles (see [48] , [43] , [21] and references therein).
It is well known that geodesical curves (if existing) acquire by definition the property to transfer their velocity vector field parallel to itself:
X (γ(I)) ) and this implies (if there exists a Riemannian metric structure) that no acceleration appears along them:
as a consequence we have for their length that
Geodesics are also identified as the curves of minimal length of a (connected) Riemannian manifold. We shall not adopt the definition via Calculus of Variations, because this is only locally (within a coordinated domain) equivalent to this definition. Besides, we need the additional assuption that the manifold acquires an additional Riemannian metric structure.
We can always assume without any loss of generality that a geodesic is of class
The minimum requirements of smoothness is to be C 1 in order to define the covariant derivative, but every geodesic is equivalent to the projection of a smooth integral curve of a standard horizontal field on the bundle of Linear frames L(X) over X (for details see [11] , p.139).
Definition 2.12. Let γ = γ(τ ) : R ⊇ I → X be a smooth curve with a nowhere vanishing velocity vector field of X, that iṡ
If ∇ is an element of A(T X), we shall say that γ is a geodesic if
Suppose now that (M,g) is a pseudo-Riemannian manifold and g is a Lorenzian metric (see ref. [12] ) of signature (-,+,...,+). Then, there exists a unique element of A(T X), the Levi-Civita connection of this manifold, which is compatible with the metric with vanishing torsion, by the fundamental Theorem of Riemannian Geometry.
Definition 2.13. A geodesic of (M,g) will be called timelike, spacelike, lightlike (or null) respectively, if the following conditions hold true:
The signature of this metric on X (n) corresponds to 1 time dimension and n-1 spatial dimensions when expounded within MD Gravity. The aforementioned characterizations of a geodesic determine if the image γ(I) ⊆ M describes a physically feasible or not orbit for a test particle and the light rays. Mathematically they are all natural. Nevertheless, some new aspects on faster-than-light travel and causality have recently appeared ( [52] , [53] , [54] ).
A geodesic of a manifold (M, g) can be easily proved that always is of one of these types. But an arbitrary curve does not necessarily have to be timelike, spacelike or null.
We are now in position to introduce the notion of time-orientation. This must not be confused in any sense with the notion of orientation of a manifold.
Definition 2.14. A spacetime manifold X is said to be time-oriented, if there exists a vector field of it with property:
The physical interpretation of this definition is that, for every point p of the spacetime M (that represents a point-event) there always exists a direction ξ p to the future
(for a test paricle) of it, and the transition from point to point changes smoothly.
Remark 2.15. In a compact spacetime manifold, timelike geodesics are closed. This scandalous idea is not acceptable in the geometrized theories of the Universe. A spacetime is always considered to preserve causality. Nevertheless, some (local) solutions of General Relativity (believed to represent Black Holes) are known and do not preserve causality (see [13] , [12] , [54] , [34] , [33] ).
The assumption of connectivity for the spacetime manifolds acquires a double interpretation: mathematically, it is sufficient to study connected manifolds and the results are afterwards applicable to each connected component.
The physical reason for the ansatz of connectivity for the employed spacetime manifolds is that in a non-connected spacetime there is no way for communication among its connected components, and anything occurs in one of those does not effect the rest of them.
As it was prescribed, the directions to the future for a point p of (M, g) is constituted of the subset of T p X that the vectors have negative length, with respect to g. This set
forms the light cone of the tangent space T p M (see [31] for some relevant analysis).
The following definition is the global analogous of this situation. 
are respectively the light directed bundle, the future directed bundle, the space directed bundle and the nullity bundle over X. In fact, the fibre L(T p M) is not even a smooth manifold (we should delete the edge of the cone). Nevertheless, we shall call them bona fide bundles.
Recalling the definition of time-orientation, a spacetime manifold is time-oriented, if there exists a global section of the tangent bundle intersected with F(T M):
The nullity bundle is a slightly wider set than the future directed bundle and its elements are the pairs of orthogonal directions, with respect to g.
The last notion that we shall introduce and will be used in the sequel is the G.T.R.
field equations. Originally, they were stated in the geometrical model of Riemannian
Spaces (see for example [7] , [4] , [22] and similar contemporary books) when the notion of the manifold was not settled yet.
We present the explicit generalization of these equations on a pseudo-Riemannian manifold (M,g) of n dimensions. The significant difference is that we state them operationally. The solution is a section g of T * M T * M without any recurrence in local representations and coordinate systems. 
where Ric, T, g are symmetric sections of T * M T * M, k ∈ R, G is the Einstein tensor of Curvature, R (n) is the scalar Curvature defined as
when the Ricci tensor is equivalently defined (through the pseudo-Riemannian metric structure of M) as
T is called the Energy-momentum tensor. T is defined explicitly in 4 dimensional Relativity (see for example [20] , [9] , or [18] ). Since the flux of energy and momentum through higher spatial (curved or not) dimensions is questionable (though, if existing, are unobservable), for our theoretical purposes should be considered as an arbitrary (symmetric when expressed in any local coordinate system) smooth section:
Even in vacuum (T=0), the manifold is not flat (M
space, since we obtain the equations:
this fact is usually stated as "the gravitational field, if created, re-produces itself ".
Remark 2.20. We note that S.T.M. theory, which is essentially a 5D Relativity, in the beginning incorporated a 5D tensor T. In the sequel, however, it became clear that locally such a tensor is not in need and the field equation became those of 5D vacuum:
and represented in a local coordinated domain
For details on the local expression of T in the S.T.M., see [23] .
Even though the tensorial product is not commutative, we shall use the above notation when representing local sections
conventional form of the usual expression of symmetric 2-covariant tensors.
Globalized Campbell-Magaard Theorem and its Consequences
This section is attempted to be self-contained as much as possible. The only demanded knowledge from the previous sections are just our basic definitions and the conceptions concerning the spacetime structure under consideration.
As stated in the Introduction, we present a generalized form for the Campbell-Magaard embedding theorem, in a manner never considered so far, to the best of our knowledge.
As a matter of fact, our result could be called "fibering" theorem, instead of "embedding", since we do not form an existing proof of the embedding of the given spacetime into some other Ricci-flat manifold (with property Ric(∇) = 0) of one additional dimension.
Several results have appeared after the first statement of Campbell in [4] , the analytic proof of Magaard in [22] and its reformulation in [26] (see [39] , [40] , [27] , [38] ), but they all concern the local analytic isometric embedding of a local coordinated domain of an analytic manifold into some other of an additional dimension, with property (the latter) its Ricci Curvature to vanish (with respect to its metric), or to be an Einstein space, etc.
The Campbell-Magaard theorem, (of great importance in modern multi-dimensional theories), acquires very restrictive assumptions (smooth analytic manifolds, local coordinated domains employed) and the result is local only. In fact the local isometric embedding (to be defined explicitly later) does not mean that the domain we embed is indeed contained into the other manifold in the ordinary sense of subsets. In addition, there is no information provided concerning the global topology and geometry of the embedding manifold: it seem to be rather existing.
In our global approach we remove most of these restrictions. Given any pseudo-
Riemannian manifold, we demonstrate that a construction of the Universal spacetime structure (of section 1):
is always possible. Then, extending (properly) the metric g and the connection ∇ M (initially given only on M) on X, we obtain that the Ricci curvature Ric(∇ X ) of some specific extended connection ∇ X on X vanishes identically, and the same holds for the Torsion of the connection T(∇ X ). The compatibility of the metric with ∇ X , expressed by the Leibniz rule of differentiation, is also preserved locally within coordinated domains of the bulk. Consequently, this is equivalent to the vacuum field equations of Relativity, expressed locally on each coordinated patch.
An equivalent formulation of the aforementioned situation, is that the map Ric considered as an operator (from the space of the linear connections A(T X) over X to the section of the bundle of the 2nd covariant order tensor fields, see section 2), has some connection as a critical point:
so that for any three vector fields ξ, θ, η on X we have
where the zero operator is the zero section 0(≡ 0 S ) ∈ Γ(T * X T * X) which maps every ξ ⊗ η to 0 ∈ R.
These preliminary comments may seem somewhat vague. Consequently, we shall first outline the basic concepts we introduce throughout this section, before we present our basic analysis.
First of all, we state some necessary definition before the result of Campbell and Magaard (expressed in a modern language). All the manifolds concerned throughout this section is assumed to be smooth and analytic.
In the next 2 results we follow [40] , although stated here in a somewhat different mode, compatible with our bundle-theoretical approach. (i)ε is smooth and analytic map for every p ∈ U and topological homeomorphism onto its image in the induced topology
(ii)the differential
We state now the following modified version of the Campbell-Magaard theorem, that we shall use in the proof of the generalized result: 
be a local analytic at 0 representation of its pseudo-Riemannian metric, with respect
to the local chart (U, φ) ∈ A M .
Then, there exists a local isometric analytic embedding of U into some pseudo-
Riemannian manifold (N n+k ; g N , ∇ N ):
with vanishing Ricci tensor Ric(∇ N / ε(U ) ) (constructed with respect to the metric g N / ε(U ) ) in the local embedding domain:
considered as a zero (analytic) local section.
The following result is due to Magaard [22] and provides necessary and sufficient conditions for the existence of local embeddings. Although originally proved in the Riemannian case, the extension on the Pseudo-Riemannian case is immediate.
Theorem 3.3. (criterion of existence of local isometrical embeddings)
Let (M n , g) is apseudo-Riemannian manifold and (U ;
a local representation of its metric at p ∈ U . Then, the following statements are equivalent:
(i)There exists a local analytic isometrical embedding of U into some (N ,g):
(ii)There exist smooth analytic functions
for some open set W containing x j e j +0 e n+1 ∈ R n+1 and satisfying the conditions:
where ι A is the natural embedding of A ⊆ R n ֒→ R n+1 :
such that the metric of (N ,g) has the following local representation at ε(p):
Remark 3.4. The essential concept of the aforementioned result is that there exists a coordinate system adopted to the embedding, in the sense that the image ε(U ) of the embedded domain U coincides with the hypersurfaces x n+1 = 0 of R n+1 (the model vector space of the manifold N ). This implies that the condition of local isometry reduces to g ij =g ij .
Obviously, we have omitted the two zero operators:
and whenever the components of a tensor field vanish, we shall not write at all the zero operators of this section.
Suppose now that we are given an n-dimensional spacetime manifold M and a solution g of the (generalized) G.T.R. field equations, such that (M,g) is a pseudo-Riemannian manifold. We treat this solution operationally and do not consider any local representation.
The Universal spacetime structure we presented in section 1, (modified by definition 1.3), is the quested geometrical framework, in order to construct a Ricci-flat bulk fibered over M. The first problem to be solved is that, we do not (so far ) know if this structure exists mathematically, in the sense that, if any given spacetime manifold can be extended to a Universal spacetime, satisfying the properties mentioned in 1.3. Of course, the trivial bundle
is an example of Universal spacetime, where the embedding map is the inverse map of π, the projection to the first factor. But this case is of less or none physical (and mathematical) interest.
In the first step we first prove that, for every given M, there exists an extension to a Universal spacetime structure π : X → M and (as it will become clear throughout the proof) in an infinity of ways. The proof is constructive: we begin with the given M (ignoring for the time any possible metric structure) and append on each point p of M some other manifold F p , member of a family of diffeomrphic manifolds. We equip the obtained total space X
with a smooth manifold structure and the submanifold property of M is satisfied automatically. Appending 1-dimensional fibres F p ≡ C p , ∀ p ∈ M (abstract curves), the given manifold becomes a hypersurface with the additional property X to be fibred over M, constituting a bundle.
In the next step we begin the extensions of g M and ∇ M on the total space X, which contains M as an embedded submanifold. We form a (locally finite) cover of the (paracompact) X with coordinated domains, with respect to the local product structure:
and consider a representation of the given g on every coordinated patch
we extend g/ U to a local metricg/ t −1 p (U ×V ) on X, appending smooth functions g Au ,g uu of all the n+1 variables x 1 , ..., x n , u:
We set the diagonal terms equal to zero (for reasons that will become clear in the sequel) and, considering the convention of Remark 3.4, we may write:
this expression is by Theorem 3.3 equivalent to the local isometrical embedding of the domain U of M into t −1 p (U × V ) of X and there is still one smooth analytic functioñ g uu to be determined.
We remind that the objective is to prove that the bulk of the Universal spacetime structure (X,π,M) of 1.3 (section 1) acquires a C ∞ atlas, constitutes the total space of π : X → M , contains M as an embedded submanifold, has vanishing Ricci Curvature of some element ∇ X ∈ A(T X) and the embedding is isometric, with local compatibility of the connection ∇ X with some specific global pseudo-Riemannian metric structure.
In the next step, we recall the fundamental theorem of Riemannian Geometry ( 
where, ∀ p ∈ W i ⊆ X we define:
and if W i ∩ W j = ∅, we have
We form the Ricci Curvature Ric(∇ X ) and the Torsion T (∇ X ) of this global connection, obtained pasting together the local elements
The Torsion of ∇ X vanishes by the aforementioned theorem: we can apply it on each open coordinated submanifold W i in order to obtain the local elements
fixed as the (unique) Levi-Civita elements of A(T W i ) with respect to eachg/ W i . But there exists a unique extension of them, that does preserve globally the property of vanishing Torsion:
since the operator is global, without recurrence in coordinates and the cover is open.
The local compatibility of the connection with the metric:
implies that the componentsΓ D AB of each ∇ X / W = ∇ W are the Christoffel symbols, with respect to the respectiveg/ W :
We consider the local representation ofRic(∇ X / W i ), with respect to the (i)-coordinate system {x (i)A }:
and express it with respect to the local metricg/ W i : 
If the patches of the cover (constructed with respect to the local product structure, see 1.2) are not sufficiently small in order to apply theorem 3.2 at each component, we consider a refinement of this open cover, that is still locally finite, since the manifold X is assumed to be paracompact:
The condition of vanishing Ricci Curvature within every sufficiently small coordinated domain of the open cover (where we can introduce a local representation and then apply 3.2) is equivalent to
The argument that ends the proof is the illustration of a global pseudo-Riemannian metric structure on the bulk, pasting together smoothly the local sectionsg/ W of each
we introduce a partition of unity {f i } i∈I subordinate to the locally finite cover W i of X (constituted of open coordinated submanifolds):
Remark 3.5. The above construction of metric structure on X can not be generalized in order to obtain global compatibility with the metric:
Suppose that we first introduce a metric structure on X with partitions, and then fix a global element ∇ X ∈ A(T X) as the Levi-Civita connection of X. Then:
We could define new local sections on each patch, related to the extensionsg/ W i , as follows:g
or through the components
The above functions would constitute components of a new local metric, that lives inside the patch W i but is non-trivial inside the support of f i :
The local connections ∇ W i would be compatible withg/ W i , since they would be the restrictions on each W i of the extended metricg X :
The symbolg X / W i denotes the restriction of the extended (global) metric of X on W i and theg W i the (extended appending smooth components on g/ U ) local metric g/ W i of W i before the use of the partitions of unity.
In the alternative geometrical situation prescribed above, there is no way to apply theorems 3.2, 3.3 in each open patch, whereing/ W i is non-degenerated:
) is a product of a smooth function (that of the partition)
and an analytic function (that of a metric coefficients) and this product function is not analytic in general:
We begin now the main part of our analysis, that is a strict mathematical statement and proof of the results outlined throughout the aforementioned step-by-step procedure. 
and a smooth extensiong of g on X such that (for k ≥ 1) M is isometrically embedded into X, and the bulk X has vanishing Ricci Curvature and vanishing Torsion, of a global connection ∇ X ∈ A(T X):
and this ∇ X / W = ∇ W is locally Levi-Civita, compatible withg/ W within coordinated
The Theorem proof shall take place in two steps. We shall first prove the following proposition, that concerns the very existence of the Universal spacetime structure, when we are only given a smooth manifold of n dimensions and a metric tensor Proof. (of the proposition) Let E = ∅ be a non-empty set and {F p } p∈M be a family of diffeomorphic manifolds. We shall equip E with the structure of a total space of a bundle over M.
We define
(since {p} × F p are disjoint sets) and a map:
this induces a canonical isomorphism of F p and E p :
The map π is obviously surjective. We first construct the local trivializations as follows:
If U ⊆ M ,p ∈ U , and A M is the differential atlas of M, we consider U sufficiently small coordinated domain, so that to admit Automorphisms:
where T stands for some transport in Euclidean domain ψ(U ) ⊆ R n . Then, we define:
where the trivialization at p is
for some f ∈ F p . Consequently, the map
is an isomorphism. We shall equip E with a smooth manifold structure, and then π will be smooth and π : E → M will be a bundle, and then (changing the name of E to X), E will become the requested bulk for the Universal spacetime structure.
Recalling the domains equipped with adopted local coordinate systems, the map
. The smoothness of u and χ implies that it is sufficient to show that whenever we have U p U q = ∅ ,then the following map is a diffeomorphism: 
then for p = q (M is a manifold that seperates p,q) and U p ∋ p, U q ∋ q, we obtain that
E is second countable, since, if B M is a basis of the topology on M, every U ⊆ M can be written as
and {π −1 (B p )/p ∈ M } is a countable basis of E ( π is continuous as smooth) , so that every W ⊆ E can be written as
E is connected, because if we suppose the contrary, then E would be written as E = A ∪ B, where A ∩ B = ∅. In that case, recalling that E = p∈M {{p} × F p } = p∈M E p and E p ∩ E q (p = q), we would have
contradiction. This completes the proof of the proposition.
Proof. (of the Theorem)
Let g ∈ Γ(T * M T * M ) be a solution of the G.T.R. field equations on M. If (U, φ) is a local chart with coordinate functions x a ≡ π a • φ, g has the representation
is an open domain of X. We consider U sufficiently small, in order to admit adopted local coordinates
We shall prove the case dimF=k=1, and for k > 1 we re-apply the theorem, by setting X=M for some π : M → X (where X satisfies locally the vacuum field equations) and inductively for any k ∈ N.
We form a (locally finite) cover of the (paracompact) X with coordinated domains, with respect to the local product structure:
is an arbitrary (symmetric in every local representation) smooth section, then S is locally represented in the domain π −1 (U )/ tp(U ×V ) ≡ W as
This indicates the way that we can introduce a local extension of the section g/ U :
where we have set the diagonal terms equal to zero (see remarks 2.20, 3.4). The appended metric component is to be fixed uniquely, but for the time is just a real smooth analytic functions of all (n+1)-variables:
Recalling Theorem 3.3, this situation is equivalent to the local isometrical embed-
The fundamental theorem of Riemannian Geometry implies that every open coordinated submanifold W i of the cover can be equipped with an element of A(T W i ), the Levi-Civita connection with respect tog/ W i :
for any local vector fields ξ, η ∈ Γ(T W i ).
If we have elements of A(T W i ), ∀ i ∈ I, then existence and extension of connections implies that the spaces of local connections A(T W i ) (with respect to the cover i∈I W i ),
form a "basis" of the space of global connections, in the sense that:
We form the Ricci Curvature Ric(∇ X ) and the Torsion T (∇ X ) of this global connection, obtained by extension of the local elements
The Torsion of ∇ X vanishes by the same theorem: ∇ X is the unique extension of all the local ∇ W i , that preserves (the former) the global property of vanishing Torsion:
implies that the componentsΓ D AB of each ∇ X / W = ∇ W are the Christoffels, with respect tog/ W :
Taking into account the local product structure of the bundle, we conclude:
and then we define the components ofRic(∇ X ) in the (i)-coordinate system
expressing now the restriction of the Ricci tensor, with respect to the local metric g/ W i , we may write:
Applying Theorem 3.2 (special) of Campbell-Magaard we obtain that, since the geometrical structures employed are considered to be analytic, there exist (i)-analytic
If the patches of the cover are not sufficiently small in order to apply theorem 3.2, we consider a locally finite refinement of this cover, since X is assumed to be paracompact:
with property, each (projected from the cover of X) chart on M to be locally and isometrically embedded (into its respective inversed image):
The condition of vanishing Ricci CurvatureRic(∇ W i ) within every coordinated domain W i of the cover, is equivalent to global degeneration of the operator:
and this proves that the bulk X acquires a smooth manifold structure and constitutes the total space of the Universal spacetime structure structure, with vanishing Ricci CurvatureRic(∇ X ) = 0 and Torsion T (∇ X ) = 0.
The remaining task is to prove that X acquires an additional global pseudo-Riemannian metric structure, and M is embedded into X with the inclusion map (induced by the map π, see proposition 3.7) to be an isometric embedding. In order to prove the existence of a global metric structure, we introduce a partition of unity and piece together smoothly the local sectionsg/ W of each (i)-coordinate system:
Let {f i } i∈I be a partition of unity, subordinate to the locally finite cover i∈I W i of X (constituted of open coordinated submanifolds). Then, defining
) we obtain a global metric, where
It became clear from the procedure throughout the proof, that the embedding is (at least) locally isometric. We shall show that this holds true globally:
By definition of the pseudo-Riemannian metricg X on X, we have
and recalling that g is the global solution of the G.T.R. field equations, we have a global tensor field on M, without need to introduce smooth pasting of its local repre-
The proof of the theorem is now completed. (R 4 , g) (or any other spacetime 4-manifold) and let also
be two families of diffeomorphic manifolds topologically compact, all the members of F 1 to the k-Torus S k × S k and all of F 2 to the 2k-Sphere. These families are not topologically homeomorphic ( [2] ), but our result 3.6 implies that the two respective
Hyper-cylindrical bulks we can construct over M, for any k ∈ N: 
We must additionally have the compatibility property of the connection with the metric, everywhere on X. In general, as we have already proved, this holds true only within sufficiently small patches, and as we showed in remark 3.5, any generalization of this kind is not possible in our framework, due to the analyticness for the employed structures and the local nature of the (special) Campbell-Magaard theorem.
The following results present that, even thoughg X ∈ Γ(T * X T * X) is not globally compatible with the Levi-Civita ∇ X ∈ A(T X), in fact, we are in position to know the exact metricity of ∇ X and the exact (modified of Leibniz) rule of differentiation that holds on X, when we are given the partition of unity that pieces together different coordinated patches: Proof. The metricg X is given byg X = i∈I f ig / W i , where {f i } i∈I are the smooth real functions of the partition subordinate to the cover i∈I W i . Using the linearity properties of the connection, we obtain
Since the restriction ∇ X / W = ∇ W is compatible withg/ W , we get the quested result
for every vector field ξ ∈ Γ(T X). Proof. Obvious, taking into account the previous analysis.
The aforementioned strictly geometrical situation can be restated in a more physical sense. If we note that the nullity bundle N (T X) contains the light-directed bundle L(T X) of null directions over X, and that the velocity vector field of a null geodesic
is a section of TX restricted on the image of the geodesic γ(I) (that forms a submanifold of X) and {γ(τ ) : τ ∈ I} is contained into L(X) as well, we may restate Corollaries 3.13, 3.14 as: The metricg X that X is equipped, is locally compatible with ∇ X and this is equivalent to the vacuum field equations of relativity in 5 dimensions.
If we consider a null geodesic γ : I → X, ∇ The geometrical-physical meaning of this result is obvious, especially in the case that I is a non compact interval, or even the whole R: we obtain a non-local expression of field equations, though we have different coordinates in each patch! More generally, considering the field equations and the metric tensor fieldg X restricted on the nullity bundle over the 5-manifold X N (T X) = {v, w ∈ T X :g(v, w) = 0}
we have the field equations on X globally, under the ansatz that we restrict motion on the pairs of orthogonal directions on the bulk, with respect tog X .
The principle is clear: 
